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CURVATURE TENSORS IN KAEHLER MANIFOLDS(1)
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MALLADI SITARAMAYYA

ABSTRACT. Curvature tensors of Kaehler type (or type K) are defined on a
hermitian vector space and it has been proved that the real vector space QK( V)
of curvature tensors of type K on V is isomorphic with the vector space of sym-
metric endomorphisms of the symmetric product of V+, where VC = V+$ V-

(Theorem 3.6). Then it is shown that EK( V) admits a natural orthogonal decom-
position (Theorem 5.1) and hence every L € fK( V) is expressed as L = Ll + LW
+ L2. These components are explicitly determined and then it is observed that
LW is a certain formal tensor introduced by Bochner. We call LW the Bochner-

Weyl part of L and the space of all these LW is called the Weyl subspace of
£.(.
K

Introduction. Singer and Thorpe [6] established a natural decomposition of
curvature tensors on an n-dimensional vector space with an inner product and then
studied the curvature tensor of a 4-dimensional Einstein space and its canonical
form. Nomizu [5] using this decomposition discussed generalised curvature tensor
fields satisfying the second Bianchi identity (which are called proper) on a
Riemannian manifold.

The purpose of this paper is to give a similar decomposition of curvature
tensors of Kaehler type on a 2n-dimensional hermitian vector space and then study
curvature tensors on a Kaehler manifold. In this paper the study is purely local in
nature. The contents are as follows:

In §1 some basic facts about hermitian vector spaces (V, J, (,)) are given.
Kaehler metric on a complex manifold is defined and the properties of its curvature
tensor are stated in $2. In $3 a curvature tensor of type K on a hermitian vector

space (V, J,(,) is defined and then proved that the real vector space £K(V) of
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all curvature tensors of type K on V is isomorphic to the real vector space
s(v'.v*) of all symmetric endomorphisms of the symmetric product of vt
(Theorem 3.6). $4 deals with Ricci curvature K(L) and holomorphic sectional
curvature k; of L in £,0). In §5 we have proved that £,(V) is an orthogonal
direct sum of three subspaces (Theorem 5.1) and hence every L € £K(V) can be
uniquely written as L = L, + Ly, + L,, these components being determined
explicitly (Theorem 5.4); Ly, is observed to be a certain formal tensor introduced
by Bochner [7] and hence we call Ly, the Bochner-Weyl part of L. The subspace
of these Ly's is denoted by gz(V) and called the Weyl subspace. In a forth-

. . w
coming paper we study curvature tensors in gK(V).

1. Algebraic preliminaries. Let V be a 2n-dimensional real vector space
with a complex structure J. Let(,) be an inner product of hermitian type on V.
Denote by VC the complexification of V and — denotes the conjugation in ve
with respect to (for short, w.r.t.) V. Further, let L be a real endomorphism of V.
Then we can extend L to a complex linear map of V< to itself; in particular, J
extends to VC. Since J%=- identity, | is a nonsingular semisimple endomor-
phism of V€ with eigenvalues + i and — i, where i =y=1 (i is V=T always
unless 7 is a subscript or superscript). Hence VC = V' ® V™ where

Vi ={ueVC| Ju=iu} and V- ={fue V| Ju = —iul.

Moreover, V¥ - V™ and hence complex dimension of Vien-= complex dimension
of V™.

The hermitian inner product (,) on V can be extended to vCasa symmetric
complex bilinear form (also denoted by (, )) and satisfies (Vi, Vi) =0. If we
define (u, v) = (4, D) for u, v € V' then (,)isa positive definite hermitian form

+
on V.

2. Curvature tensor of a Kaehler metric. Let M be a differentiable (i.e. ¢™-)
manifold of dimension n. Tp(M) denotes the tangent space of M at p which is an
n-dimensional vector space. If M is a complex manifold of complex dimension n
then the tangent space T,(M) at Z of M as a c™-manifold is a real vector space
of real dimension 27 with a complex structure J. A Riemannian metric g on M is
called a hermitian metric if the inner product g, on T (M) is of hermitian type for
each Z e M.

Let g be a hermitian metric on M. Define Q(z,v) =g (Ju, v) for u, v € T (M),
Then Q is areal differential 2-form on M of type (1, 1) and is of maximal rank.
We call  the fundamental 2-form of the hermitian manifold (M, g). A hermitian
.manifold (M, g) is Kaeblerian if the fundamental 2-form Q is closed, i.e. dQ) = 0,
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We give two important examples of Kaehler manifolds.

(a) The complex number space C” with the usual inner product is a Kaehler
manifold and @ = =1 2d4Z/ A 477 where (Z7) are the canonical coordinates
of C™.

(b) The complex projective space P"(C) with the Fubini-Study metric is a
Kaehler manifold and so is every complex submanifold of P*(C) (cf. [1, p. 170]).

Let V denote the connection defined by the metric g. Then the curvature
tensor R of V is a (1, 3) tensor. That is, R(X, Y, Z) is a vector field. If we
write R(X, Y, *) = R(X, Y)* then R(X, Y), for fixed X, Y, is a (1, 1) tensor.
Moreover for fixed X, Y, R(X, Y) =V, VY - VY Vy - v[X,Y] isa (1, 1) tensor
(cf. [2, p. 133]).

The following gives the properties of the curvature tensor R of the Kaehler

metric g on a manifold M.

Proposition 2.1 ([3], [4]). Let (M, g) be a Kaebler manifold and R be the

curvature tensor of g. Then (1) R(X, Y)J = JR(X, Y) and (2) R(JX, JY) =
R(X, Y) for any two vector fields X, Y on M.

3. Generalized curvature tensors. In this section, we want to study curva-
ture tensors having properties given in Proposition 2.1 in a more general alge-
braic setup.

Let V be a 2n-dimensional real vector space with an inner product (, ).
Denote by o(V) the vector space of skew symmetric endomorphisms of V. We
define a curvature tensor L on V as an o(V)-valued 2-form on V. Then for each
x,y €V, L(x, y) €End(V) such that

(1) L(x, y) is bilinear in x and y;

(2) L(x, y) ==Ly, x);

(3) (Lx, y)z, w) +(z, L(x, y)w) = 0.

Now assume V admits a complex structure | and a hermitian inner product(, ).

A curvature tensor L on V is said to be of type K on V if L satisfies the
following:

(1) L(Jx, Jy)=L(x, y) forall x, y €V;

(2) L(x, y)] = JL(x, y);

(3) L(x, y)z + L(y, 2)x + L(z, x)y = 0 for all x, y, z € V (Bianchi identity).

Denote by Si)K(V) the real vector space of all curvature tensors of type K on
V. Our goal is to understand .S?K(V).

Let L € £,(V). Extend L to VC. Then L is a skew symmetric bilinear
map on vC with values in End(VC). Extend J and (,)to VC asin §1. Then
(1) L(Jx, Jy)=L(x, y) forall x, y € V is equivalent to L (VY v 0.

(2) L(x, y)] = JL(x, y) implies L (x, y) leaves V! invariant.
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(3) Bianchi identity holds in the complex case.
Since L (V¥ v*) =0, the Bianchi identity gives
(a) L(x, ¥)Z=L(x, )y and hence L (x, )% is symmetric in y and z, and
(a") L(x, @)y = L(y, @)x and hence L (x, @)y is symmetric in x and y.
Note that since (a') is obtained from (a) by conjugation a curvature tensor L
satisfies Bianchi identity if and only if L satisfies (a), Now define the map F:
vixvtxvixvt—c by

3.1) FL(y,z,x, w) = L(y,Z,x,w) = (L(x, W)Z, y) for all x,y, z,weV"

Then clearly this map has the properties

(a) F, isbilinear in x and y and anti-bilinear in w and z;

(b) F is symmetric in x and y and also in z and w.
Since given any F: vixvixvixvi—C satisfying (a) and (b) there exists a
unique L €£K(V) such that F = F; (as given in (3.1)); we call such an F also
a curvature tensor of type K on V. Note that F,(y, z, x, w) = F’L(x, w, y, z)
(from (b)).

Define hermitian inner product in V* by (x, y) =(x, y). Next we extend ( ,)
on Vi vie vt by defining (x ® y, w ® z) = (x, w)(y, 2).

Now we have

Proposition 3.2. If {(w, z) is an anti-bilinear function on V* then there
exists u €V ® V* such that fw, z) = (u, w® z).

Proof. Obvious.

Since, for every fixed x, y € vy, F,(y, % x, *) is anti-bilinear on V+, by
Proposition 3.2, there exists u(x, y) € v*® V* such that FL(y, z, x, w) =
(u(x, y), w ®z). Since F, is bilinear and symmetric in x and y the map u: v?
xV > V*® V' sending (x, y) to u(x, y) is bilinear and symmetric. Hence
there exists a linear endomorphism U': VY ® V' — V' ® V' such that U'(x® y)

= u(x, y), and hence we have
(3.3) V'(x®y), w®z)= FL(y, Z, %, w

Moreover, using (3.3) and (3.1) we see easily that U’ is a symmetric endomorphism
of V+® v wrt. (,). Now we carry this U’ one more step forward.

Consider the symmetric product V' . V* of V*. V*.V* s, by definition,
the quotient of vtev! by the subspace A consisting of all skew symmetric
tensors. Denote by 7 the canonical projection of vie vt onto V.V Then
teviev?t implies ¢t =s + a where s is a symmetric tensor and a € A, Define
an inner product in vt.ov? by (7(z), 7(t")) = (s, s') where s and s’ are respec-

tively the symmetric parts of ¢ and ¢'and (s, s') is the inner product of s
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and s’ in VT ® V™ Since symmetric and skew symmetric tensors are perpen-
dicular, the inner product in V' - V' satisfies the condition (2, ¢') = (z (¢), 7 ("))
+(a, a'). Moreover, from our definition it follows that (x .y, w . z) =
%i(x, wly, 2) + (x, 2)y, w)} where we have put x -y =7 (x ® y) for all x,y € V™.
Now we claim that there exists a symmetric linear map U: viovt—ytoy?
such that F(y, z, x, w) = (U(x - y), w - z). In fact, since v:vtevt vt
®V" is defined by U'(x ® y) = u(x, y) and, since u(x, y) is symmetric in x and
y, U' maps kemel 7 into zero and hence U’ induces a unique linear map U: vt

VY= v* . V? such that U(x, y) = n(U'(x ® y)). It remains to show

(3.4) (Ulx « y)yw.2)=(U'"(x @ y), w ®=2).

But we have (U'(x® y), w® z) = (U(x - y), w - 2) + (4, @) where a and a'
denote the skew symmetric parts of U'(x®y) and w ® z respectively. Since
FL(y, v, %, u) = U'(x® y), « ® v) and since F, is symmetric in z and v,
U'lx®y) is orthogonal to the subspace A of skew symmetric tensors and hence
U'x® y) is a symmetric tensor and hence @ = 0. This completes the proof of
our claim. Moreover, we can prove that this U is a symmetric endomorphism of

V+-V+

Denote by sV . V") the vector space of all symmetric endomorphisms of
V' . V*. In summary, starting with a curvature tensor L €£K(V) we obtained a

U_.€s(V'. VY such that
(3.5) U, -y, we2)=Fy,z,x,w) = (Lly, D)@, x).
Denote this map from gK(V) into s(v*.v") by ¢. Now we have the following:

Theorem 3.6. The map ¢ defined above (by (3.5)) is an isomorphism of
L,V onto s(v*t. v,

Before proceeding with the proof of this theorem we give some facts about

bases of v and VY. V",

Let e, €en, e, be an orthonormal basis of V+, an n-dimensional hermi-
tian vector space, w.r.t. (, ). Then {el, €yrtt s, €y, Byyut,y Eni forms a
basis of VC and we have

(1) {e;-e, i<j i, j=1,2,---,n} is abasis of V' . V",

(2) {el. e, V2e, €, i<j, j=1,2,...,n} is an orthonormal basis of
vievt wre ()

(3) Putting f; =(e; +€)/V2, Jf;=v=1 (e, =€)/\2, i=1,2,...,n,
i/, ]{} is a basis for V as a 2n-dimensional real vector space.

(4) L (Ei, e].) = L(ei, 5].).
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Proof of Theorem. That ¢ is an injective real linear map is clear from (3.5). We
have to show ¢ is onto. That is, given U € s(V* . V'), we have to define for
each x, y € V a real endomorphism L (x, y) of V such that L €£K(V) and L
when extended to a complex linear map of v* should satisfy (3.5).

Taking x=¢,, y=¢, (k<I),and w=e , z=e, in(3.5) we get

U if p=m,
mm,kl
(3.7) Lipam ={

Uor p#mk<lL,m<ph

Because of symmetry in k and / and in p and m (3.7) defines L for all suffixes.

Now we want to define the corresponding real endomorphism L of V so that
L €£K(V). Let {f, Jf, i=1,2,---, n} be real basis of V such that f, = ¢, +
e, and Jf, = z'(e,c - 'e'k). Then we compute L in terms of components of U (by
(3.7)) as in

@ ALy )y 1) = Llika “Lorim t hormE - EigmE

Using (3.7) and the fact that U is hermitian we can show the right-hand side
of (1) is real.

2) (L(f,, ]/m)/p, fp= I{Lprmk' - le?kﬁ + Lprkr—ri - LIEmE} which is also

real.

3 Ly 1)y [P = i{Lprk’; R Ll;mk-}. This is also

real from (2).

4) (L(f,, ]/m)”p’ fp=- {Lprkﬁ + Llimk‘ - Llﬁkﬁ - LmeEL This is
also real.

From (2) and (3) we get

() (L I 1= LG [,) I o [

Now using these relations (1)—(5) we define L on the basis elements
{fp Jf,} of V as follows: Define L (f,, f,) by (1)and (3); L(f;, Jf,) by (2)
and (4); LUfy, J1,) =Ly 1,) and Ly f,) ], = JL(y 1), Then this L
is defined as a real endomorphism of V in terms of the components of given U
and L has the properties

@ LG (==L )

®) LUfuJf)=L{, [) and

(c) L(/i', /].' ) =JL (/i" /j'), where {/;. /2',- -, /,:. /,:+1,- NN /2',1} denotes
Vo Ifi=1,2,.-,n

Hence L belongs to Ek(V) provided L satisfies the Bianchi identity, i.e.
(3.8) L(x, y)z + L(y, z)x + L(z, x)y = 0.

We verify this on basis elements of V. Let EL denote the left-hand side of (3.8).
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Case(a). Let x=f,,y=/[_,2= /D and w = f,. Then from relations (1)—

(5) we get
(EL, /l> = Lzz;m + Lme/? B Lpl"kﬁ - le‘mie"
* Ligmr * Latpm = Lktmp ~— Likom

+ L L

imok + LnTir = Lnlpk ~ Limes
which can be seen to be zero using (3.7) and U is hermitian.

Similarly in the other cases

() x=fy y=/p 2=], and w=Jf,

(©) % =fp y=Ifp z=1, and w=/, ot Jf,

@ x=fp y= Il 2= Iy

(e) x= ]/k’ y = ]/m’ z = ]/pv
etc., we can show that (2, , w) =0 using L(Jx, Jy)=L(x y) and L(x, y)] =
JL (x, y).

Thus L as defined above belongs to £K(V) and in view of (3.5) we have
¢(L) = U, hence ¢ is surjective.

This completes the proof of the theorem.

Remarks. (1) Because of this isomorphism ¢ between ‘EK(V) and
s(V*. V") we call elements of s (V' . V*) also curvature tensors of type K
and we identify gK(V) and s (VY. V*). Sometimes for L €£K(V) we denote
its image under ¢ simply by L' instead of Up or ¢(L).

) 1t gR(V) denotes the vector space of curvature tensors on V satisfying
the Bianchi identity (here V is a real inner product space) then gR(V) is
isomorphic with a proper subspace of s(V A V) (cf. [6]). But in the Kaehler
case we have QK(V) is isomorphic with s (V*. V™),

4. Ricci and holomorphic sectional curvatures of L. We define a linear
map K: £,(V) — Ead(V"), called the Ricci map, as follows.

For every L € £,(V), K(L) is an endomorphism of V' such that K(L)x =
3 _1L(x,2)e, where x €v* and fe;} (i=1,2,...,1) is an orthonormal
basis of V' w.r.t. (,). We call K(L) the Ricci tensor of L. It is easily seen
that K(L) is a symmetric endomorphism of vt w.r.t. (, ). If we define K(x, y)
=(K(L)x, y) then K(x, y) is a symmetric bilinear form on V*, called the
Ricci form of L in SK(V).

Let P(V?) denote the complex projective space of complex lines in v
Forany L €$£,(V) we define a function k;: P(V") = C as follows.

Let v be any vector in a complex line P of V' such that ||v]| =1 w.r.t.
(,). Then
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kL(P) = (L@, v)v,v)==(L"(v - v), v - V)

Then k&, (P) is well defined for any P in P

Remark. IeL(P) is, in fact, a real number because L' is hermitian. Moreover,
if we write v € V' as v=(X - iJ]X)/V2, X, ]X €V (the corresponding real 2-
plane in V is spanned by X/V2, JX/y2) then (L (7, v)7, v) = (L (X, JX)]X, X)
€ R. So our definition of k; is the usual definition of holomorphic sectional
curvature function.

Definition of symmetric (wedge) product of two endomorphisms. Let V be a
vector space and A, B €End(V). Let V.V=V@®V/A' (tesp. VAV =V®
V/N) where A’ is the subspace of V ® V generated by x ® y - @ x for all x,
y €V (tesp. N is the subspace of V ® V generated by x ® x for all x € V).
Then A ® B € End(V ® V) is defined by (A ® Bx ® y) = Ax ® By and A ® B +
B®A leaves A’ (resp. N) invariant and hence induces an endomorphism of
V.V (tesp. V AV). We denote this endomorphism by A . B (tesp. A A B).
Then we have (A - B)(x - y) = (Ax . By) + (Ay . Bx).

Now let A, B € s(V*). Then we can show that A - B €s(V' . V). In fact

(A .B)x+y),w-2)=(Ax - By,w - z) + (Ay - Bx, w « 2)

=(x.y,Aw.Bz)+ (y - x, Aw - Bz)=(x -y, (A« BYw . 2)).
Therefore, by Theorem 3.6, A - B corresponds to a curvature tensor of type K on
V and we denote thisby L, g € QK(V).
Proposition 4.1. Let L, L, € £,(V) such that

(L@, v)7, v) = (L,(7, )5, v) forall veV
Then L, =1L,.

This is the same as Proposition 7.1 in [3, p. 166].

Proposition 4.2. Let L € £K(V). Then k,; is constant (say c) if and only
if L=~cL, p with A=B=1/\2¢€ s(V"), where I denotes the identity endo-
morphism of v

Proof. (=) Let P €P(V*). Then k, (P) =~ (L' - v),‘v V) =c
On the other hand, I .1/2 € s(w*.v") and
(4.3) (L,. ,/Z(Fa v)v,v)y==(I-/2)v-v),v-v)==1 forall v

Hence (L (7, )7, v)=c==-c(L,,,,@ v)7, v) forall v €V"' and hence L =

-cLiy/y
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Conversely, given L =~ cL,;,, we can see easily from (4.3) that k; (P) = ¢
forall P eP (V.
Let {el, YRR en} be an orthonormal basis of vt worot. () KA-B denotes

the Ricci tensor of L4 g. Then

n
- = +
Kaog®= 2 Ly glep e, Ky pestvh,

Then
n
(Ky.plij=(Ky pee)=- ;1 (4 -B)e.-e e -e)
=-YWA. TtB+B. . Tr A +(AB). + (BA).}.
13 1] ij 3]
So we get
(4.4) -2K, 5 =(Tr A)B + (T B)A + AB + BA
and hence
(4.5) —TrKA.B=TrATtB+TrAB.

Recalling L' is the image of L under ¢ in Theorem 3.6, we can prove that
(4.6) TrK(L)=2Tr L'=2Tr U,.
We have inner product in gK(V) defined from that of V' as
(L, L)) = . z; , (Ll)ijkl(l"z)iiki'
LY AL

The inner product (,) of V* also induces an inner product (,) on s(v*.v?)
(observe that, in general, if W is a complex vector space with an inner product
and s (W) is the real vector space of all symmetric endomorphisms of W then we
can define an inner product (,) in s (W) by (S, T) = Tr(ST)). Then we have

[ ’
(4.7) (Ly, Ly = ] Zk ) (Ll)ijkl(l‘z)iikl =Te(L), Lz)'
LY LN

Let 53}<(v) =1L €£K(V)| L' =XI. 1, A €R}. Then £,1<(V) is a real 1-dimen-

sional subspace of £K(V)' Let Orth(£,1<(V)) denote the orthogonal complement of
£}((V) in £,(V) w.r.t. inner product defined above. Then in view of (4.6) and
(4.7) we have

Oreh (£, (V) =1{L € £ (V)| Tr K(L) = O}

Hence we have the decomposition
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£, = £,‘<(v) ® Orth (£}<(v)).

5. Decomposition of the space S‘ZK(V). Recall £}<(V) ={L EgK(V)i L'=
M1, A eRL Let 88(v) ={L € £,(V)] K(L) = 0} where K is the Ricci map.
Then clearly Q,vé(V) C Orth (£,I<(V)). Now let S.D.i(V) be the orthogonal complement
of £$(V) in Orth (£,1<(V)). Therefore we have the natural decomposition of £,(V)
as QK(V) =&x(») @S‘Z%(V) @gﬁ(V). Now we have the following:

Theorem 5.1. Let V be a real 2n-dimensional hermitian vector space. Let
£K(V) be the real vector space of all curvature tensors of type K on V. Then
£K(V) bas the decomposition

SfK(V) = S‘Z:((V) @gz(V) ® gi(V) (orthogonal)

where
a) £! k(W) = {Lef (V)| L has constant holomorphic sectional curvaturel;
2) £Z(V) ={L égK(V)| L has Ricci curvature zero};
3) ¥V @ 2(v) = {L € £, (V)| TrK(L) = 0};
@ X @Y (W) =1L €&, (V) K@) =N, X R},

Proof. All except (4) are proved above.

Suppose L € £ (V) ® £X(V). Then L = Ly + Ly, and hence K(L)=K(L,)
because K is linear. But since L} =1 -1 and using (4.4) we get K(L,)=
—(n+DI=K(L). Conversely, let K(L) =Al, A €R. Let L, be the curvature ten-
sor corresponding to Ly =pl -1 € s(v*. V") with p==M(n+1). Then L, €
£1(V) and K(L - L) =0. Hence L - L, €£§(V). So L =L, +Ly.

Recall that a Kaehler metric g on a manifold M is called Einstein if R, the

Ricci tensor of g, is a scalar multiple of g at each point p of M.

Corollary 5.2. Suppose (M, g) is a Kaebler-Einstein manifold. Then the cur-
vature tensor L (of g) belongs to

gk(Tp(M)) o ngZ(Tp(M)), VpeM (Vmeans “‘for every’)

This is immediate from (4) of Theorem 5.1.

Corollary 5.3. If M is a connected Kaebler-Einstein manifold of complex
dimension > 2 (i.e. K(L)p =A(p)] for every p € M) then X is a constant function.

Proof. By (5.2), L, e i (T, (M) & gw(T (M)) and hence R, = K(L), = A(p),
i.e. R - = )t(p)g - (in local coordmates) Then the first Chern class of M is
represented by ¥ =-(@1/2m)A(p)Q where Q =ig;~ —~dZ' A dz’ is the fundamental
2-form of g and ¥ = (I/Zm)RiJ. dz' Ndz7 is the R1cc1 form of g. Since ¥ is a
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closed 2-form we have 0 = diy =~ (1/27)dA A Q. Then dA =0 because wedge
product with () is an isomorphism of complex vector spaces for complex dimension
of M >2. Hence A is a constant function on M.

Now we give the components of L €£K(V) in the decomposition.

Theorem 5.4. Let L EQK(V) and K(L) be the Ricci tensor of L. Further let
A=TcK(L) and L, Ly, L, be the components of L in the decomposition of
Theorem 5.1. Then

(5.5) L) =M« V/aln+ 1),
(5.6) L, ==2(K - D/(n+2)+ 2M1 - D/nln + 2),
(5.7) Ly =L +2K-D/(n+2) =Ml I)/(n+ 1)+ 2)

(Here K = K(L) and I = identity endomorphism of V+.)

Proof. Let R, R, Ry, denote respectively the right-hand sides of (5.5),
(5.6) and (5.7). We show that R, € £X(W), R, € £¥(V) and R, € £2(V). Clearly
R, £ (V).

K(R,) = K(L) + 2K(L, )/(n+2) = AK(L, /(0 + 1)@= +2)
which is seen to be zero using (4.4). Hence Ry, € ﬁz(V).
It remains to show R, E£,2<(V).
First we observe that Tr K(R,) = 0 (use (4.5)) hence R, €£Z(V)® £,2<(V).

It suffices to show that R, is perpendicular to £}(V). That is, Tr(R,R") = 0 for
all R € ¥ (v).

We can choose an orthonormal basis (el, e, en) of V* such that K e, =
Ae, i=1,2,...,n (since K €s(V"). Then (K - l)(el. . e].) = ()\i + )\j)ei‘ e

iyj=1,2,--+,m and (. I)(el. . e}.): 2e; - e and hence
(5.8) Ryle; - e)=(2/(n+ IR, + M) -2/ nle - e Vij.

For R 6£Z(V),

(5.9) > Ryjsp=0 for all I, j
S

(since K(R) = 0). In particular
(5.10) > R

Then (R, R) = Tr(R}R") = 2 e

unless (i, j) = (s, t) we have

(5.11) Tr(R)R") = Z {()\i+)\i)—2)\/n¥R;ﬁj (i <),
1]

Now using (5.9), (5.10) and skew-symmetry in i and j, we can show that each

(R, R.,:; (1 <j, s <t). Since Ry, =0

ijst sti ijst
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term in (5.11) is separately zero, and hence R, € £,2<(V). Since the decomposition
is unique we have R, = L'l, R, = L'Z, Ry = L;V.
Remark. In the Kaehler case L;V is given by

Ly =L"+ 2K+ D/(n+2) - (Tc KNI - D/(n+ Din + 2).

Then 1f we compute the components (L, )a.,B s w.r.t.an orthogonal coordinate (e,)
of V' we see that this is the formal tensor introduced by Bochner (which he
denotes by K)up to sign (cf. [7, p. 161]). We call any L, €£K(V) a generalized
Boehbner-Wey!l tensor and g%(V) is called the Wey! subspace of QK(V).

Now we can restate our Theorems 5.1 and 5.4 in terms of s (V™).

Theorem 5.12. Let (V, J,{,)) be a real 2n-dimensional hermitian vector
space. Let gK(V) = .S?L(V) & £¥(V) ® ‘ng((V) be the decomposition of Theorem
5.1. Then

@) L@ LIV =L e (N L'=4.1, A es(VL

(b) The Ricci map K: e (V) — s(VY) is onto, ker K = gz(V) and K is
bijective from gl (V) ng (V) onto s(V*). Furthermore, K(g (V) ={A es(v)
A =M, A €R} and K(S?z(v))_ {A es(v')| TrA =0}

Proof of (a). Let L =L, , €&£,(V) with A €s(V*). Then L'=A . I Let
L=L,+L,+Ly. Toshow Ly =0 but finding K= K(L') and A = TrK from
L' = A .1, and substituting for K and A in L(V we see easily L'W is zero. Con-
versely, if L =L, + L, then Ly, =0 and hence L' =A .Iwith A =Al/(n+1)(n+2)
—2K/(n +2) es (V).

Proof of (b). Let B € s(V'). Write B uniquely as B = B, + pl with B €
s(V*) and Tr B, = 0. Then, from (4.4), K(L(-ZBO.I)/(n+2)) =B,. Also we have
K(L-CI-I) = {(n + DI for any real number ; in particular for { = - p/(n + 1) we
have K (L_,u/(nﬂ)," = pul.

Set A=-(@By-1/(n+2)+ (ul-D/(n+1)). Then K(L,)=By+pu =B

Hence K is onto and the other statements are all obvious.

Corollary 5.13. The real dimension of £,2<(V) =n? -1 where n = complex

dimension of V.
This is immediate from the bijectivity of K: £, (V) ® Li(V) — s .
Corollary 5.14. Let V be a 2n-dimensional real vector space with a complex

structure | and an bhermitian inner product(, ). Then the real dimension of gz(V)
=n%(n -1)n + 3)/4 where n=dimCV.



CURVATURE TENSORS IN KAEHLER MANIFOLDS 353

Proof. Since dimps WV Vv =@+ 1)/2), dimkgK(V) =n’(n +1)%/4.
Hence by Corollary 5.13, dimRS?Z(V) =n2n+1)?/4 - n* = n*(n = 1)n + 3)/4.
Note that the Wey! subspace g%(V) is of real dimension 5 when V is of complex
dimension 2. In general to give some characterisation of the Weyl subspace
L¥(V) seems quite difficule.
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